body systems, and a symposium in his honor well illustrates the breadth and variety of modern screw theory applications [14] . Comprehensive treatments in kinematics and mechanism theory are presented by Bottema and Roth [2] , Hunt [11] , and Phillips [18] .
Although it would appear that the time derivative of screw quantity should be well understood, that is not the case. There is active discussion in the literature of: the general topic by [21, 25, 29] ; applications to acceleration analysis by [22, 8] , with historical background in [20] ; applications to stiffness by [9, 5, 10, 26, 24] ; and applications to dynamics by [15, 7, 13, 4, 17, 27] . A growing trend is to use differential geometry, and in particular, Lie algebras, such as presented in [12, 23] .
Two important classical works are Brand [3] and von Mises [28] who use motor representations for the derivative of a screw. Interestingly, the Brand derivation has significant typographical errors in early printings (e.g. 1947, p. 126) that are corrected in latter printings (e.g. 1954). Von Mises only states the results without derivation [28, Secs. A.7, B.8, C.1], although he does derive the derivative of the inertia dyad. Dimentberg [6] uses the principal of transference to state the moving body derivative formula with dual vectors. Yang [30] uses the dual vector representation of screws and refers to the fixed body derivative of a screw as a ''pseudodual vector'' since it violates the shifting law. In [31] he formulates the dynamic equations of a rigid body with the momentum screw differentiated in the moving body and shows that the formulation holds at all points.
The presentation here provides a novel and somewhat paradoxical approach using a continuum mechanics viewpoint for rigid body mechanics. This requires representing a screw quantity by a vector field [15] . It is the goal of this paper to provide the simplest explanation and clearest notation to unambiguously characterize the properties of screw differentiation with respect to time. To this end only three fundamental formulations are required: (i) the relationship between the derivatives of vectors as observed from fixed and moving bodies that is fundamental in rigid body mechanics, (ii) the relationship between the material and local derivatives of vectors that is fundamental in continuum mechanics, and (iii) the shifting law that identifies how the representation of a screw changes from point to point.
Four distinct cases of differentiation are considered that occur according to what quantities are assumed to be constant. It is shown that the material derivative of a screw with respect to a fixed body is generally not a screw quantity. This is especially important since it is the most common type of differentiation and leads to special results for EulerÕs Laws and the stiffness of an elastic system when expressed at the center-of-mass. However it is shown that the forms of the equations are not invariant when expressed at an arbitrary point, i.e. the shifting property is violated. Alternative screw formulations preserve invariance.
In the following development it is assumed that there are only two rigid bodies, arbitrarily referred to as the fixed and moving bodies. The formulation can be easily extended to more bodies, and for illustration is done so in an example at the end. There are also two arbitrarily selected points on the moving body, a and c. In the case of inertial systems, it is assumed that the fixed body is replaced by an inertial body and that point c is the moving body center-of-mass. All vectors are assumed to be Cartesian and the underlying space is Euclidean. The remainder of the paper is in three parts: first, the differentiation of vectors is reviewed; second, vector differentiation is applied to screw quantities, and; third, applications are discussed.
Differentiation of Cartesian vectors
A Cartesian vector has direction and magnitude. Under rotational transformations the direction changes and the magnitude remains invariant. Fixed body, moving body, material, and local derivatives are discussed.
Vectors
The time derivative of vector g(t) depends on how the rate of change is observed, particularly if the observation is with respect to a fixed or moving body. A simple way to express this is with vector coordinates either in frame (i, j, k) rigidly attached to the fixed body or frame (i 0 , j 0 , k 0 ) rigidly attached to the moving body. Differentiation with respect to an observer on the fixed body, dgðtÞ dt , means that (i, j, k) are held constant. Differentiation with respect to an observer on a moving body,
A scalar however has the same derivative with respect to the fixed and moving bodies.
The time derivatives of g(t) with respect to fixed and moving bodies are related by the wellknown derivative law,
where x is the angular velocity of the moving body with respect to the fixed body.
Vector fields
A vector field associates a vector with each point of a body, such as g c (t) with point c of the moving body. Examples are the linear velocity field of points on a body or the bending moment field of points on a loaded cantilever beam. The time derivatives with respect to the fixed and moving bodies follow pointwise from those of vectors, dg c ðtÞ dt
It is valuable to express a vector field both as a function of time and as a function of time and a position vector r c , g c ðtÞ ¼ g c ðr c ðtÞ; tÞ There is a subtle distinction between the two forms of g c that is well-known in the area of continuum mechanics but is presented here in a simplified approach and notation for brevity. For a more rigorous approach the reader is directed to basic references in continuum mechanics such as [16] .
The first form, g c (t), is called the material or Lagrangian description where point c is explicitly held constant with respect to the moving body. This description is most commonly used in rigid body mechanics where it is desired to track individual particles. For example, if c represents the center-of-mass of a rigid body it is possible to measure its velocity by a tracking device. During a small time increment the velocity of a single particle c is measured at two distinct locations, and in the limit their difference is used to determine the so-called material acceleration.
The second form, g c (r c (t), t), is called the spatial or Eulerian description where r c (t) tracks the place in the fixed body currently occupied by particle c of the moving body 1 (see [16] ). This description is most commonly used in fluid mechanics where it is difficult to track individual particles. For example, a fluid measuring device, such as for velocities, is often attached to a fixed location. During a small time increment the velocities of two different particles are measured at a single location, and in the limit their difference is used to determine the so-called local acceleration.
Differentiating g c with respect to the fixed body and omitting the explicit arguments gives,
where
is the velocity of point c with respect to the fixed body. This holds for both rigid and deformable bodies. Assuming rigid bodies and differentiating with respect to the moving body gives, are known as the local or spatial derivatives with respect to the fixed and moving bodies respectively. It is emphasized that while the material derivative exists for both an isolated particle and a continuum, the spatial derivative exists only for a continuum. Example 1. Fig. 1 shows two particles on the edge of a rigid disk rotating about a fixed axis with an angular acceleration. In Fig. 1 (a) r c (t) points to the place in the fixed body (not shown) currently occupied by point c with velocity v c (r c (t), t). In Fig. 1 (b) the disk has turned and a new particle with velocity v c (r c (t),t + dt) now occupies r c (t), the position previously occupied by c. In the limit the change in velocity is 
Screw quantities
A screw quantity can be conveniently defined in terms of Cartesian vectors and the shifting property,
Differentiation of screws
Four cases of differentiating a screw are examined by using material or local derivatives with respect to moving or fixed bodies. One case does not yield a screw quantity and two cases yield the same screw quantity.
Material derivative-moving body
Differentiating the shifting law with respect to the moving body gives, It is also useful to express this quantity in terms of fixed body material derivatives,
where a is the angular acceleration and a c is the linear acceleration of point c. This is an important special case where one of the terms, x · x, cancels out.
Unlike acceleration, this is indicative of the generic case since x · f does not generally vanish.
Local derivative-moving body
Since g(t) is not a function of r c then Thus the local and material derivatives with respect to the moving body are equal.
Material derivative-fixed body
This is the most important case. If (g, g c ) is a screw quantity then in general
Proposition 9. For a screw quantity (g, g c ) where c is a point of the moving body, the material derivative with respect to the fixed body d dt ðg; g c Þ is generally not a screw quantity, except for the special cases where g = 0 or the body is translating.
This is a well-known relation in kinematics. For d dt ðx; v a Þ to be a screw quantity the body must be instantaneously translating, x = 0, so the centripetal acceleration of a about c vanishes, x · (x · r ca ) = 0, for all such pairs of points. In this particular example the two special cases of Proposition 9 are the same.
It is necessary to examine the field viewpoint of the material derivative,
To evaluate
where g, g a , r a are not functions of r c . These results yield the material derivative of a screw as
which is generally not a screw quantity unless g = 0 or the body is translating. This expression is used frequently throughout the sequel.
Local derivative-fixed body
Again using the material derivative of the shifting law but now substituting in the partials gives,
og a ot ¼ r ac Â og ot þ og c ot However the last expression is just the shifting law for o ot ðg; g c Þ so the following has been shown, Proposition 11. For a screw quantity (g, g c ) where c is a point of the moving body, the local derivative with respect to the fixed body o ot ðg; g c Þ is also a screw quantity. It is also useful to express this quantity in terms of fixed body material derivatives,
Example 12. For a twist (g, g c ) = (x, v c ), 
In contrast to the acceleration case, this result is distinct from Example 7 so 
where a is an arbitrary point of the body. This result is similar to the general wrench case. However, in the particular for the center-of-mass, ðp; h c Þ. This is a another special instance of cancellation and only occurs when the angular momentum is expressed at the center-of-mass. However this instance is a very important case in dynamics.
Summary of cases
In the previous sections the alternative expressions for the various derivatives were developed using material derivatives in the fixed frame. These are particularly useful for calculation since they are the most basic derivatives in rigid body mechanics. For ease of comparison and reference the expressions are collected in Table 1 .
Local derivatives connecting fixed and moving bodies
The previous results on local derivatives can be combined to give the connection between the local derivatives of screws with respect to moving and fixed bodies,
where in the last term the screw cross product is defined as ðe; e c Þ Â ðg; g c Þ ¼ ðe Â g; e Â g c þ e c Â gÞ
The screw cross product yields a screw since it is direct to show that it satisfies the shifting law, ðe Â g a þ e a Â gÞ ¼ r ac Â ðe Â gÞ þ ðe Â g c þ e c Â gÞ
As a point of reference, the screw cross product is equivalent to the Lie bracket of screw quantities. The results are summarized as, Proposition 15. For a screw quantity (g, g c ) where c is a point of the moving body, the fixed and moving local derivatives are related by 
Applications
Two fundamental applications are considered, the dynamics of a rigid body and the stiffness of an elastically suspended rigid body. Special results occur when they are formulated at the centerof-mass.
Euler's Laws
EulerÕs 1st and 2nd Laws provide the six dynamic equations for an unconstrained rigid body in space. 3 These are combined as ðf ; m c Þ ¼ Table 2 .
From Proposition 15 EulerÕs Laws can be expressed using a derivative with respect to the moving body at point a,
which generalizes the familiar form of EulerÕs 2nd Law expressed at the center-of-mass,
It is also useful to represent EulerÕs Laws in a matrix form, and for simplicity is first done at the center-of-mass,
x where the applied wrench is in Plü cker ray coordinates, the velocity and acceleration twists are in Plü cker axis coordinates, and the screw cross product must be defined in a manner consistent with this representation. The term a 
Stiffness
An elastically suspended rigid body can be modeled using screw quantities [9, 5] . Consider n line springs, each attached to the moving body at point c i with the other end attached to the fixed body (see Fig. 2 ). For each spring the stiffness is k i , the length is l i , the undeformed length is l 0i , and the direction is e i . Point a on the rigid body is the location of an external wrench that loads the system in static equilibrium.
In this type of problem, it is commonplace to introduce differentials d(AE) rather than time derivatives dðÁÞ dt
. A small displacement of the moving body changes the springs by d(l i e i ) = dr c i and together with d(l i e i ) = l i de i + e i dl i yields the kinematic relations The displacement shifting law becomes dr a = r ac i · dh + dr c i where dh is a small rotation of the body (but is not a true differential). The force applied to each spring is f i = k i (l i l 0i ) so the net wrench applied to the moving body at a is ðf ; m a Þ ¼ P ðf i ; r ac i Â f i Þ. Taking the material differential of the wrench with respect to the fixed body, using the kinematic relations and shifting law to simplify, and arranging in a matrix form yields,
where K is the 6 · 6 material stiffness matrix written as the sum of three parts,
and where q i l 0i /l i . Terms K 1 and K 2 are symmetric while K 3 is not. When all the springs are unloaded, q i = 1 and f i = 0 so K 2 and K 3 vanish. The stiffness can also be expressed as the sum of symmetric and skew-symmetric parts, K = K sym + K skew . Using the Jacobi identity, (a · b)· = (a · b·) (b · a·), the skew part reduces to the simple form,
Therefore the applied moment accounts for the skew-symmetry; when the system is unloaded, the stiffness is symmetric. Though the material stiffness relation is correct, d(f, m a ) is not a screw quantity. As a consequence, when changing to another point the stiffness matrix K does not transform by the congruence transformation given in Section 5.1 and hence the form of K is not invariant. For example, consider the important special case where the external load is due to the gravity load of the suspended body. At the center-of-mass c the moment vanishes, m c = 0, and the material stiffness is symmetric. If another point a on the body is selected, then generally m a 5 0 and the material stiffness has a skew-symmetric component. This highlights a deficiency of material stiffness-the form of the matrix representation is dependent on the selected point, i.e. it is not invariant.
However, a stiffness relation based on a local differential operation does yield an invariant expression amongst screw quantities. Introducing a differential operator defined by the local time derivative, oðÁÞ oðÁÞ ot dt, then (df, dm a ) = (of, om a + f ·dr a ). Substituting this into the material stiffness expression yields the corresponding local stiffness expression,
Expressing the local stiffness in symmetric and skew-symmetric parts,
where (f, m a )· is a form of the screw cross product operator which in this case is a transformation from Plü cker axis coordinates to Plü cker ray coordinates. 4 The result is rather remarkable because it shows that the skew-symmetry of the local stiffness matrix is only dependent on the external wrench; therefore, the stiffness matrix is symmetric if and only if the system is at an unloaded equilibrium. For the gravity load case, the local stiffness K l always has a skew-symmetric part no matter which point on the body is selected. Thus in contrast to material stiffness, the form of the local stiffness matrix is invariant with respect to the selected point. As a consequence the local stiffness undergoes a congruence transformation, 
ðf ; m a ÞÂ. Thus the fixed and moving body stiffnesses are simply transposes of each other. This was shown in [19] for the planar case and extended to the spatial case in [5] .
A short example from [10] illustrates the extension of the formulation to more than two bodies. Consider a third body that is moving with respect to the other two. The local derivatives observed with respect to the fixed and third bodies are related by Proposition 
Concluding remarks
In this exposition, a basic continuum mechanics formulation facilitates identification of properties for various time derivatives of a screw quantity; an unambiguous derivative notation helps make the differences evident. Local differentiation always produces a screw quantity and, with respect to rigid body formulations, could rightly be called ''screw differentiation.'' Two applications have been identified where initially it appears that the fixed body material derivative could yield the most general formulation. However, these are shown to be dependent on using the center-ofmass and the same results do not apply when formulated at an arbitrary point.
